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Bilinear Forms

Amapa: V xV — kis called a bilinear
form, if it is linear in both arguments.

Let {e,,..., e, } be a basis of V, and

r= (1, 2,), Yy = (Yg,...,y,) be two
vectors. Then

n

a(z,y) = Z a,;wy; = XTAY.

1,7=1



Symmetric and Skew-Symmetric Forms

a Is called symmetric if a(x,y) = a(y, z),
and skew-symmetric if a(z,y) = —a(y, x).

It is equivalent to AT = 4 and AT = —A4,
respectively.

A quadratic form associated to symmetric
als q(x) = a(z, x).



Kernel and Non-degenerate Forms

The kernel of a:
Ker(a) ={v eV | a(u,v) =0 Vu € V}.

« Is called non-degenerate if Ker(a) = 0.

Clearly,

Ker(a) = {v | a(v,e;) =0, j=1,...,n}.

dim Ker(a) = n —rk A.



Orthogonal Complement

The orthogonal complement of U C Vis
Ut={veV|aluv)=0VuecU}

Clearly, V+ = Ker(a).
If a IS non-degenerate, then

dim U+ = dim V — dim U and (U+)*+ = U.



Non-degenerate subspaces

A subspace U C Vis non-degenerate with
respect to a if a |; IS non-degenerate.

V =U @ U+" iff Uis non-degenerate.



Orthogonal basis

A basis {eq, ..., e, } is orthogonal with
respect to a if a(e;, e;) = 0 forall i # j.

For any symmetric « there exists an
orthogonal basis.

Proof: Induction by n = dim V. If a # 0,
then g(x) # 0. Then Jey: q(eq) # 0.
Then V = (e;) @ (e;)*, where

dim {e;)* =n — 1.



