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Affine Transformations

Affine map 𝑓∶ 𝔸 → 𝔸 is called an affine
transformation.

Bijective affine transformations form the
general affine group Aff(𝔸).

A differential map 𝑑∶ Aff(𝔸) → GL(𝑉 ) is
a homomorphism. Its kernel is a group
𝑇 (𝔸) of parallel translations
𝜏𝑣 ∶ 𝐴 ↦ 𝐴 + 𝑣.



Parallel Translations

For any 𝑓 ∈ Aff(𝔸) and 𝑣 ∈ 𝑉 we have
𝑓𝜏𝑣𝑓−1 = 𝜏𝑑𝑓(𝑣).

Proof: Suppose 𝑌 = 𝑓(𝑋), then

𝑓𝜏𝑣𝑓−1(𝑌 ) = 𝑓𝜏𝑣(𝑋) = 𝑓(𝑋 + 𝑣) =
= 𝑓(𝑋) + 𝑑𝑓(𝑣) = 𝑌 + 𝑑𝑓(𝑣) = 𝜏𝑑𝑓(𝑣)(𝑌 ).

Using the vectorization map 𝑣𝑂 ∶ 𝑋 ↦ 𝑂𝑋
we have GL(𝑉 ) ⊂ Aff(𝔸) is a subgroup.



Normal Subgroup

𝐻 ⊂ 𝐺 is called a normal subgroup, if
𝑔𝐻 = 𝐻𝑔 for any 𝑔 ∈ 𝐺, where
𝑔𝐻 = {𝑔ℎ ∣ ℎ ∈ 𝐻}, 𝐻𝑔 = {ℎ𝑔 ∣ ℎ ∈ 𝐻}.
Denoted by 𝐻 ◁ 𝐺. Examples:

• Any subgroup of Abelian group
• A subgroup 𝐻 ⊂ 𝐺 with exactly 2
cosets 𝑔𝐻 is normal

• 𝑇 (𝔸) ◁ Aff(𝔸)



Homothety

A homothery with the center 𝑂 ∈ 𝔸 and
coefficient 𝜆 ∈ 𝕜 is

𝐻𝜆
𝑂(𝑂 + 𝑣) = 𝑂 + 𝜆𝑣.

In other words, 𝐻𝜆
𝑂(𝑋) = 𝑌, such that

𝑂𝑌 = 𝜆𝑂𝑋.
Clearly, 𝑑𝐻𝜆

𝑂 = 𝜆 Id.



Simplices

Suppose, {𝐴0, 𝐴1, … , 𝐴𝑛} and
{𝐵0, 𝐵1, … , 𝐵𝑛} are two systems of
affinely independent points in an
𝑛 − dim space 𝔸. Then, ∃! affine
transformation, such that 𝑓(𝐴𝑗) = 𝐵𝑗,
𝑗 = 0, … , 𝑛.

Proof: ∃! linear map 𝜑, such that
𝜑(𝐴0𝐴𝑗) = 𝐵0𝐵𝑗.
Then 𝑓(𝑥) ∶= 𝜑(𝑥) + 𝐴0𝐵0.



Notions of Affine Geometry

What are the notions of affine geometry?

• Planes map to planes
• Parallel lines map to parallel lines
• Intervals and segments
• Barycentric combinations, midpoints,
centers of mass

• Simplices
• But NOT squares, angles, circles!


