


Linear Algebra
Lecture 5: Volumes and Distances in
Euclidean Spaces

Nikolay V. Bogachev
Moscow Institute of Physics and Technology,
Department of Discrete Mathematics,
Laboratory of Advanced Combinatorics and Network Applicationss



Euclidean Affine Space

An affine space 𝔸 over a Euclidean vector
space 𝑉 is also called Euclidean.

Then we can define
𝜌(𝑥, 𝑦) = √(𝑥 − 𝑦, 𝑥 − 𝑦).

Suppose 𝑀, 𝑁 ⊂ 𝔸. Then

𝜌(𝑀, 𝑁) = inf
𝑚∈𝑀,𝑛∈𝑁

𝜌(𝑚, 𝑛).



Orthogonal Projection and Component

Suppose 𝑈 ⊂ 𝑉, then (⋅, ⋅) ∣𝑈> 0 and
𝑉 = 𝑈 ⊕ 𝑈⟂, where for any 𝑥 ∈ 𝑉

𝑥 = pr𝑈𝑥 + ort𝑈𝑥, pr𝑈𝑥 ∈ 𝑈, ort𝑈𝑥 ∈ 𝑈⟂.

Suppose {𝑒1, … , 𝑒𝑘} is an orthogonal
basis of 𝑈 ⊂ 𝑉. Then

pr𝑈𝑥 =
𝑘

∑
𝑗=1

(𝑥, 𝑒𝑗)
(𝑒𝑗, 𝑒𝑗)

𝑒𝑗, ort𝑈𝑥 = 𝑥 − pr𝑈𝑥.



Distance Between Points and Subspaces

Let 𝑥 ∈ 𝔸 be a point and 𝑈 ⊂ 𝑉 be a
vector subspace. Then 𝜌(𝑥, 𝑈) = ‖ort𝑈𝑥‖.

Proof: Suppose 𝑥 = 𝑦 + 𝑣, where
𝑦 ≠ pr𝑈𝑥 ∈ 𝑈, is an arbitrary point
(vector) and 𝑣 = ort𝑈𝑥 − 𝑢,
𝑢 = −pr𝑈𝑣 ∈ 𝑈. Then

𝜌(𝑥, 𝑦) = ‖𝑣‖ = √‖ort𝑈𝑥‖2 + ‖𝑢‖2 > ‖ort𝑈𝑥‖.



Distance Between Points and Subspaces

Let 𝑥 ∈ 𝔸 and 𝑈 = ⟨𝑒1, … , 𝑒𝑘⟩ ⊂ 𝑉. Then

(𝜌(𝑥, 𝑈))2 = det 𝐺(𝑒1, … , 𝑒𝑘, 𝑥)
det 𝐺(𝑒1, … , 𝑒𝑘)

.

Proof: 𝑥 ∈ 𝑈 ⇒ 𝜌(𝑥, 𝑈) = 0 and
det 𝐺(𝑒1, … , 𝑒𝑘, 𝑥) = 0. Else, ort𝑈𝑥 ≠ 0
and (orthogonalization for 𝑈 ⊕ ⟨𝑥⟩)

‖ort𝑈𝑥‖2 = (ort𝑈𝑥, ort𝑈𝑥) =
𝛿𝑘+1
𝛿𝑘

=

= det 𝐺(𝑒1, … , 𝑒𝑘, 𝑥)
det 𝐺(𝑒1, … , 𝑒𝑘)



Volumes of Parallelepipeds

An 𝑛-dimensional parallelepiped on
vectors 𝑣1, … , 𝑣𝑛 in a Euclidean space is
𝑃(𝑣1, … , 𝑣𝑛) = {∑𝑛

𝑗=1 𝑥𝑗𝑣𝑗 ∣ 0 ≤ 𝑥𝑗 ≤ 1}.

Its base is an (𝑛 − 1)-dim 𝑃(𝑣1, … , 𝑣𝑛−1)
and its height is ‖ort⟨𝑣1,…,𝑣𝑛−1⟩𝑣𝑛‖.

The volume of 𝑃(𝑣1, … , 𝑣𝑛) is

Vol 𝑃(𝑣1, … , 𝑣𝑛) = Vol 𝑃(𝑣1, … , 𝑣𝑛−1) ⋅ ‖ort⟨𝑣1,…,𝑣𝑛−1⟩𝑣𝑛‖

and Vol 𝑃(𝑣) = ‖𝑣‖.



Volume Formulas

(Vol 𝑃(𝑣1, … , 𝑣𝑛))2 = det 𝐺(𝑣1, … , 𝑣𝑛).

Proof: By induction (𝑛 = 1 is trivial):

(Vol 𝑃(𝑣1, … , 𝑣𝑛))2 =
= (Vol 𝑃(𝑣1, … , 𝑣𝑛−1))2 ⋅ ‖ort⟨𝑣1,…,𝑣𝑛−1⟩𝑣𝑛‖2 =

= det 𝐺(𝑣1, … , 𝑣𝑛−1) ⋅ det 𝐺(𝑣1, … , 𝑣𝑛−1, 𝑣𝑛)
det 𝐺(𝑣1, … , 𝑣𝑛−1)

=

= det 𝐺(𝑣1, … , 𝑣𝑛).



Volume Formulas

Suppose 𝑣1, … , 𝑣𝑛 are expressed via the
orthonormal basis by the matrix 𝐴:
(𝑣1, … , 𝑣𝑛) = (𝑒1, … , 𝑒𝑛)𝐴. Then
Vol 𝑃(𝑣1, … , 𝑣𝑛) = |det 𝐴|.

Proof: This follows from

𝐺(𝑣1, … , 𝑣𝑛) = 𝐴𝑇𝐸𝐴 = 𝐴𝑇𝐴,

which implies that

det 𝐺(𝑣1, … , 𝑣𝑛) = (det 𝐴)2.


