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Preliminaries



Operations

By an operation on a set 𝑀 we mean a
map

∘ ∶ 𝑀 × 𝑀 → 𝑀

Examples of algebraic structures (𝑀, ∘):

• (ℕ, +), (ℤ, +), (ℚ, +), (ℝ, +), (ℂ, +)
• (ℕ, ⋅), (ℤ, ⋅), (ℚ, ⋅), (ℝ, ⋅), (ℂ, ⋅)
• A set 𝐶[0, 1] of continuous functions
on [0, 1] with an operation of
composition: (𝑓 ∘ 𝑔)(𝑥) = 𝑓(𝑔(𝑥))



Polynomials

Suppose 𝕜 is some set of numbers.

Then a polynomial over 𝕜 is:

𝑝(𝑥) = 𝑎𝑛𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 + … + 𝑎1𝑥 + 𝑎0,

where 𝑎𝑛 ≠ 0. Then

deg(𝑝) ∶= 𝑛;
𝕜[𝑥] ∶= is a set of all polynomials;
𝕜[𝑥]𝑛 ∶= {𝑝 ∈ 𝕜[𝑥] ∣ deg(𝑝) ≤ 𝑛}.



Matrices

Suppose 𝕜 is some set of numbers.
A matrix over 𝕜 is a table 𝑚 × 𝑛

𝐴 =
⎡
⎢⎢
⎣

𝑎11 … 𝑎1𝑛

⋮ ⋱ ⋮
𝑎𝑚1 … 𝑎𝑚𝑛

⎤
⎥⎥
⎦

Mat𝑚,𝑛(𝕜) ∶= a set of all matrices;
Mat𝑛(𝕜) ∶= Mat𝑛,𝑛(𝕜);
GL𝑛(𝕜) = GL(𝑛, 𝕜) ∶=

∶= {𝐴 ∈ Mat𝑛(𝕜) ∣ det (𝐴) ≠ 0}.



Addition of matrices

For 𝐴, 𝐵 ∈ Mat𝑚,𝑛(𝕜) we define
𝐴 + 𝐵 ∈ Mat𝑚,𝑛(𝕜) as:
𝐴 + 𝐵 =

=
⎡
⎢⎢
⎣

𝑎11 … 𝑎1𝑛

⋮ ⋱ ⋮
𝑎𝑚1 … 𝑎𝑚𝑛

⎤
⎥⎥
⎦

+
⎡
⎢⎢
⎣

𝑏11 … 𝑏1𝑛

⋮ ⋱ ⋮
𝑏𝑚1 … 𝑏𝑚𝑛

⎤
⎥⎥
⎦

=

=
⎡
⎢⎢
⎣

𝑎11 + 𝑏11 … 𝑎1𝑛 + 𝑏1𝑛

⋮ ⋱ ⋮
𝑎𝑚1 + 𝑏𝑚1 … 𝑎𝑚𝑛 + 𝑏𝑚𝑛;

⎤
⎥⎥
⎦



Multiplication of matrices

For 𝐴 ∈ Mat𝑚,𝑛(𝕜) and 𝐵 ∈ Mat𝑛,𝑟(𝕜) we
define 𝐴 ⋅ 𝐵 ∈ Mat𝑚,𝑟(𝕜) as:

𝐴 ⋅ 𝐵 =
⎡
⎢⎢
⎣

𝑎11 … 𝑎1𝑛

⋮ ⋱ ⋮
𝑎𝑚1 … 𝑎𝑚𝑛

⎤
⎥⎥
⎦

⋅
⎡
⎢⎢
⎣

𝑏11 … 𝑏1𝑟

⋮ ⋱ ⋮
𝑏𝑛1 … 𝑏𝑛𝑟

⎤
⎥⎥
⎦

=

= [𝑐𝑖𝑗 =
𝑛

∑
𝑘=1

𝑎𝑖𝑘𝑏𝑘𝑗]
𝑚,𝑟

𝑖=1,𝑗=1

𝑐𝑖𝑗 is ⟨(𝑎𝑖1, 𝑎𝑖2, … , 𝑎𝑖𝑛), (𝑏1𝑗, 𝑏2𝑗, … , 𝑏𝑛𝑗)⟩



Exercises

Are the following pairs (𝑀, ∘) correctly
defined algebraic structures:

• (ℤ−, ⋅), where
ℤ− = −ℕ = {𝑧 ∈ ℤ ∣ 𝑧 < 0}

• (𝕜[𝑥], +), (𝕜[𝑥], ⋅)
• (𝕜[𝑥]𝑛, +), (𝕜[𝑥]𝑛, ⋅)
• (Mat𝑚,𝑛(𝕜), +), (Mat𝑚,𝑛(𝕜), ⋅)
• (Mat𝑛(𝕜), ⋅)
• (GL𝑛(𝕜), +), (GL𝑛(𝕜), ⋅)?



Isomorphism of algebraic structures

Algebraic structures (𝑀, ∘) and (𝑁, ∗) are
isomorphic if there exists a bijective map
𝑓∶ 𝑀 → 𝑁, s.t. 𝑓(𝑎 ∘ 𝑏) = 𝑓(𝑎) ∗ 𝑓(𝑏).

We denote it as (𝑀, ∘) ≃ (𝑁, ∗).

Example: A map 𝑎 ↦ 2𝑎 defines an
isomorphism (ℝ, +) ≃ (ℝ+, ⋅).



Groups

A set 𝐺 with an operation ∘ is called a
group if it has the properties:
• (𝑎 ∘ 𝑏) ∘ 𝑐 = 𝑎 ∘ (𝑏 ∘ 𝑐) (associativity)
• there exists (the identity) 𝑒 ∈ 𝐺, such
that 𝑎 ∘ 𝑒 = 𝑒 ∘ 𝑎 = 𝑎 for all 𝑎 ∈ 𝐺

• for any 𝑎 ∈ 𝐺 there ∃𝑎−1 ∈ 𝐺 (an
inverse), s.t. 𝑎 ∘ 𝑎−1 = 𝑎−1 ∘ 𝑎 = 𝑒.

A group 𝐺 is Abelian if 𝑎 ∘ 𝑏 = 𝑏 ∘ 𝑎
(commutativity).



Examples of groups

• (ℤ, +), (ℚ, +), (ℝ, +), (ℂ, +)
• (ℚ, ⋅), (ℝ, ⋅), (ℂ, ⋅)
• (𝕜[𝑥], +), (𝕜[𝑥]𝑛, +)
• (Mat𝑚,𝑛(𝕜), +)
• (GL𝑛(𝕜), ⋅)
• (𝐶[0, 1], +).

Exercise: Verify it!



Rings

A set 𝐾 with two operation + and ⋅ is
called a ring if it has the properties:
• (𝐾, +) is Abelian group (the additive
group)

• 𝑎(𝑏 + 𝑐) = 𝑎𝑏 + 𝑎𝑐 and
(𝑏 + 𝑐)𝑎 = 𝑏𝑎 + 𝑐𝑎 for all 𝑎, 𝑏, 𝑐, ∈ 𝐾
(distributive laws).



Exercises

• 𝑎0 = 0𝑎 = 𝑎 for any 𝑎 ∈ 𝐾
• 𝑎(−𝑏) = (−𝑎)𝑏 = −𝑎𝑏 for any 𝑎, 𝑏 ∈ 𝐾
• 𝑎(𝑏 − 𝑐) = 𝑎𝑏 − 𝑎𝑐 for any 𝑎, 𝑏, 𝑐 ∈ 𝐾
• ℤ, ℚ, ℝ are commutative associative
rings with unities

• 2ℤ is commutative associative ring
without unity



Fields

A field is a commutative associative ring
with unity where every nonzero element
is invertible.

• Usually denoted by 𝕜 or 𝔽
• A ring {0} is not regarded as a field
• ℚ, ℝ, ℂ are fields (Verify!)
• ℤ2 = {0, 1} can be considered as a
field (Verify!).



Vector Spaces

A set 𝑉 with operations of addition
+∶ 𝑉 × 𝑉 → 𝑉 and scalar multiplication
⋅ ∶ 𝕜 × 𝑉 → 𝑉 is a vector space over 𝕜, if
for all 𝑣, 𝑣1, 𝑣2, 𝑣3 ∈ 𝑉 and 𝜆, 𝜇 ∈ 𝕜

• (𝑉 , +) is Abelian group and
• (𝜆𝜇)𝑣 = 𝜆(𝜇𝑣)
• (𝜆 + 𝜇)𝑣 = 𝜆𝑣 + 𝜇𝑣
• 𝜆(𝑣1 + 𝑣2) = 𝜆𝑣1 + 𝜆𝑣2

• 1 ⋅ 𝑣 = 𝑣.



Exercises/Examples

• 0 ⋅ 𝑣 = 𝑣 and (−1)𝑣 = −𝑣 for any 𝑣 ∈ 𝑉
• 𝑉 = 0, 𝑉 = 𝕜 are vector spaces
• 𝑉 = 𝕜𝑛 = {(𝑥1, 𝑥2, … , 𝑥𝑛) ∣ 𝑥𝑗 ∈ 𝕜} is
a vector space, where
𝜆(𝑥1, 𝑥2, … , 𝑥𝑛) ∶= (𝜆𝑥1, 𝜆𝑥2, … , 𝜆𝑥𝑛)
and (𝑥1, 𝑥2, … , 𝑥𝑛) + (𝑦1, 𝑦2, … , 𝑦𝑛) =
= (𝑥1 + 𝑦1, 𝑥2 + 𝑦2, … , 𝑥𝑛 + 𝑦𝑛)

• (Mat𝑛(𝕜), +, ⋅) is a vector space.
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