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Operations

By an operation on a set M we mean a
map
o: M x M — M

Examples of algebraic structures (M, o):
* (N, ), (Z,4), (@ +), (R, +), (C, +)
’ (Nv ')r (Z, ')r <Q7 ')r ([Rv ')r (C, )
- A set C'[0, 1] of continuous functions
on [0, 1] with an operation of

composition: (f o g)(x) = f(g(z))



Polynomials

Suppose k Iis some set of numbers.

Then a polynomial over k is:

p(z) =a, 2" +a, 2" + ...+ a;x + a,,
where a,, # 0. Then

deg(p) == n;
k[x] := is a set of all polynomials;

klx],, == {p € k[z] | deg(p) < n}.



Matrices

Suppose k is some set of numbers.
A matrix over k is a table m x n

Gy A1p
A e o 5
A1 Amn
Mat,, (k) := a set of all matrices;

Matn<ﬂ<) F= Matn’n(lk);
GL, (K) = GL(n, k) :=
:= {A € Mat,, (k) | det (A) # 0}.



Addition of matrices

For A, B € Mat,,, ,, (k) we define
A+ B € Mat,, (k) as:

A + B =
a1y A1n b11 bin
= + |
_a’ml amn bml bmn
[ ay; + by ay, + b1y
_a’ml + bml amn + bmn;




Multiplication of matrices

For A € Mat,, ,,(k) and B € Mat,, ,.(k) we
define A- B € Mat,, ,.(k) as:

aqq A1y by4 by,
A-B= . : : : =
aml .. amn bnl . bnr
m,r
n
= [Cij = E :az'k:bk:j]
k=1 5l 7

Ci5 1S (@51, Qig, v s Qi ), (b1 by oo, b))



Exercises

Are the following pairs (M, o) correctly

defined algebraic structures:
- (Z_,-), where
Z_=-N={ze€Z]|z<0}
* (Kz], +), (K], )
© (Kz],, ), (Klz],,, )

(
(
- (Mat,, ,(k),+), (Mat,, ,,(k),-)
(
(

E~2

- (Mat,, (k), -)
(L, (K), +), (GL,(K),)?

-



Isomorphism of algebraic structures

Algebraic structures (M, o) and (IV, *) are
Isomorphic if there exists a bijective map
f: M — N,st f(aob) = f(a)* f(b).

We denote it as (M, o) =~ (N, *).

Example: A map a — 2% defines an
isomorphism (R, +) =~ (R,,-).



Groups

A set G with an operation o is called a
group If it has the properties:
* (@aob)oc=ao(boc)(associativity)
- there exists (the identity) e € G, such
thatace=eoca=aforalla € G
- forany a € G there 3a~! € G (an
inverse), st.aca™! = aloa = e
A group G is Abelian ifaocb=boa
(commutativity).



Examples of groups

- (C10,1],+).

Exercise: Verify it!



Rings

A set K with two operation + and - Is
called a ring if it has the properties:
- (K, +) is Abelian group (the additive
group)
- a(b+c¢) = ab+ ac and
(b+ c)a = ba + ca forall a,b,c, e K
(distributive laws).



Exercises

a0 =0a =aforanya e K

- a(—b) = (—a)b = —abforanya,b e K
“a(b—c) =ab—acforanya,b,c e K

- 7,Q, R are commutative associative
rings with unities

- 27 1s commutative associative ring
without unity



Fields

A field Is a commutative associative ring
with unity where every nonzero element
Is invertible.

- Usually denoted by k or

- Aring {0} is not regarded as a field

- Q,R, C are fields (Verify!)

- Z, = {0,1} can be considered as a

field (Verify!).



Vector Spaces

A set V'with operations of addition
+: V x V — Vand scalar multiplication
-+ kx V — Vis a vector space over k, if
for all v,vy,v5,v53 € Vand A\, u € k

- (V,4) is Abelian group and
© (Ao = A()

(A p)v= v+ pw

" Ay +vg) = Avg + Avy

1l-v=w.



Exercises/Examples

-0-v=vand (—1)v=—vforanyv eV
- V=0,V =k are vector spaces
V=K'= {(2,75,...,2,) | z; €k} s
a vector space, where

Mzy, Ty, ooy x,) = (AT1, AZy, ..., AT,
and (zq,Zq, .., ) + (Y1, Yoy oo, Yp) =
= (21 + Y1, T3 + Y5, Tpy T Yy,)

- (Mat,, (k), +,-) Is a vector space.
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