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Linear Functions

Suppose 𝑉 is a vector space with a basis
{𝑒1, … , 𝑒𝑛}. Linear functions 𝑓∶ 𝑉 → 𝕜:
𝑓(𝛼𝑢 + 𝛽𝑣) = 𝛼𝑓(𝑢) + 𝛽𝑓(𝑣).

They form a subspace 𝑉 ∗ in a space of all
𝕜-valued functions 𝐹(𝑉 , 𝕜).

Let (𝑣1, … , 𝑣𝑛) be the coordinates of 𝑣 in
{𝑒1, … , 𝑒𝑛}. Then 𝑓(𝑣) = ∑𝑛

𝑘=1 𝑣𝑘𝑓(𝑒𝑘).



Dual Space

𝑉 ∗ is called a dual space.

Let {𝑓1, … , 𝑓𝑛} be linear functions, such
that 𝑓𝑖(𝑒𝑗) = 𝛿𝑖𝑗, where 𝛿𝑖𝑗 = 0 for 𝑖 ≠ 𝑗
and 𝛿𝑖𝑖 = 1.

Then {𝑓1, … , 𝑓𝑛} is a basis of 𝑉 ∗ and it is
called a dual basis.



Examples of Linear Functions

• 𝑓(𝑥) = (𝑎, 𝑥) = 𝑎1𝑥1 + … + 𝑎𝑛𝑥𝑛.

• 𝜑(𝑓) = 𝑓(𝑥0) is a linear function on
the set of all 𝕜-valued functions.

• 𝜑(𝑓) = 𝑓 ′(𝑥0) is a linear function on
the set of all differentiable functions.

• 𝛼 ∈ 𝐶∗[𝑎, 𝑏], where 𝛼(𝑓) = ∫ 𝑏
𝑎

𝑓(𝑥)𝑑𝑥

• 𝛼 ∈ Mat∗
𝑛(𝕜), where 𝛼(𝑋) = tr 𝑋.



Bilinear Forms

A map 𝛼∶ 𝑉 × 𝑉 → 𝕜 is called a bilinear
form, if it is linear in both arguments.

Let {𝑒1, … , 𝑒𝑛} be a basis of 𝑉, and
𝑥 = (𝑥1, … , 𝑥𝑛), 𝑦 = (𝑦1, … , 𝑦𝑛) be two
vectors. Then

𝛼(𝑥, 𝑦) =
𝑛

∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑥𝑖𝑦𝑗.



Matrices of Bilinear Forms

That is, 𝛼(𝑥, 𝑦) = ∑𝑛
𝑖,𝑗=1 𝑎𝑖𝑗𝑥𝑖𝑦𝑗 = 𝑋𝑇𝐴𝑌 .

When the basis changes:
(𝑒′

1, … , 𝑒′
𝑛) = (𝑒1, … , 𝑒𝑛)𝐶, coordinates of

vectors change too: 𝐶𝑋′ = 𝑋, 𝐶𝑌 ′ = 𝑌.

Then
𝑋′𝑇𝐴′𝑌 ′ = 𝑋𝑇𝐴𝑌 𝑇 = 𝑋′𝑇(𝐶𝑇𝐴𝐶)𝑌. It
implies 𝐴′ = 𝐶𝑇𝐴𝐶.



Examples of Bilinear Forms

• The standard inner product:
(𝑎, 𝑏) = 𝑎1𝑏1 + … + 𝑎𝑛𝑏𝑛

• 𝛼(𝑓, 𝑔) = ∫ 𝑏
𝑎

𝑓(𝑥)𝑔(𝑥)𝑑𝑥

• 𝛼(𝑋, 𝑌 ) = tr (𝑋𝑌 )



Kernel and Non-degenerate Forms

The kernel of 𝛼:
Ker(𝛼) = {𝑣 ∈ 𝑉 ∣ 𝛼(𝑢, 𝑣) = 0 ∀𝑢 ∈ 𝑉 }.

𝛼 is called non-degenerate if Ker(𝛼) = 0.

Clearly,
Ker(𝛼) = {𝑣 ∣ 𝛼(𝑣, 𝑒𝑗) = 0, 𝑗 = 1, … , 𝑛}.

dim Ker(𝛼) = 𝑛 − rk 𝐴.



Orthogonal Complement

The orthogonal complement of 𝑈 ⊂ 𝑉 is
𝑈⟂ = {𝑣 ∈ 𝑉 ∣ 𝛼(𝑢, 𝑣) = 0 ∀𝑢 ∈ 𝑈}.

Clearly, 𝑉 ⟂ = Ker(𝛼).

If 𝛼 is non-degenerate, then

dim 𝑈⟂ = dim 𝑉 − dim 𝑈 𝑎𝑛𝑑 (𝑈⟂)⟂ = 𝑈.



Symmetric and Skew-Symmetric Forms

𝛼 is called symmetric if 𝛼(𝑥, 𝑦) = 𝛼(𝑦, 𝑥),
and skew-symmetric if 𝛼(𝑥, 𝑦) = −𝛼(𝑦, 𝑥).

It is equivalent to 𝐴𝑇 = 𝐴 and 𝐴𝑇 = −𝐴,
respectively.

A quadratic form associated to symmetric
𝛼 is 𝑞(𝑥) = 𝛼(𝑥, 𝑥).


