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Change of Basis

Suppose {𝑒1, … , 𝑒𝑛} is a basis of 𝑉, and
we change a basis to {𝑒′

1, … , 𝑒′
𝑛}, where

𝑒′
𝑗 = ∑𝑛

𝑖=1 𝑐𝑖𝑗𝑒𝑖.
In matrix form: (𝑒′

1, … , 𝑒′
𝑛) = (𝑒1, … , 𝑒𝑛)𝐶,

where 𝐶 = (𝑐𝑖𝑗) is the transition matrix.
Then
𝑥 = 𝑥1𝑒1 + … + 𝑥𝑛𝑒𝑛 = 𝑥′

1𝑒′
1 + … + 𝑥′

𝑛𝑒′
𝑛,

that is, 𝑥 = (𝑒′
1, … , 𝑒′

𝑛)𝑋′ = (𝑒1, … , 𝑒𝑛)𝑋.



Change of Basis and Maps

Using matrix form for bases, we have
(𝑒′

1, … , 𝑒′
𝑛)𝑋′ = (𝑒1, … , 𝑒𝑛)𝐶𝑋′ =

= (𝑒1, … , 𝑒𝑛)𝑋. Thus, 𝐶𝑋′ = 𝑋.

Suppose 𝐹∶ 𝑉 → 𝑊 is a linear map,
{𝑒1, … , 𝑒𝑛} is a basis of 𝑉. Then
𝐹(𝑣) = 𝐹 ⋅ (𝑣1, … , 𝑣𝑛)𝑇 = 𝐹𝑉 in a matrix
form, and we change a basis again
(𝑒′

1, … , 𝑒′
𝑛) = (𝑒1, … , 𝑒𝑛)𝐶.



Linear Maps and Coordinates

Then
𝐹(𝑣) = 𝐹𝑉 = 𝐹 ′𝑉 ′,

and 𝑉 = 𝐶𝑉 ′. It implies

𝐹𝐶𝑉 ′ = 𝐹 ′𝑉 ′,

thus 𝐹 ′ = 𝐹𝐶.



Affine Maps

Suppose 𝔸 and 𝔸′ are affine spaces over
𝑉 and 𝑉 ′ (over 𝕜), respectively. Then

𝑓∶ 𝔸 → 𝔸′

with the property

𝑓(𝐴 + 𝑣) = 𝑓(𝐴) + 𝜑(𝑣), 𝐴 ∈ 𝔸, 𝑣 ∈ 𝑉

for some linear map 𝜑∶ 𝑉 → 𝑉 ′ is called
an affine map.



Affine Maps

It implies that

𝜑(𝐴𝐵) = 𝑓(𝐴)𝑓(𝐵), 𝐴, 𝐵 ∈ 𝔸.

That is, a linear map 𝜑∶ 𝑉 → 𝑉 ′ is
uniquely determined by 𝑓 and is called
the differential of 𝑓. We will denote it by
𝜑 = 𝑑𝑓



Coordinates

Suppose 𝑂, 𝑂′ are the origins of 𝔸, 𝔸′.
Then, using the vectorization
𝑣𝑂(𝑋) = 𝑂𝑋: 𝑓(𝑂𝑋) = 𝜑(𝑂𝑋) + 𝑂′𝑂.
That is, in coordinates 𝑓(𝑥) = 𝜑(𝑥) + 𝑏,
where 𝑥 = (𝑥1, … , 𝑥𝑛) are coordinates
both of 𝑋 ∈ 𝔸 and 𝑂𝑋 in 𝑉.
Thus, if 𝑓(𝑥) = 𝑦 = (𝑦1, … , 𝑦𝑛),

𝑦𝑖 =
𝑛

∑
𝑗=1

𝑎𝑖𝑗𝑥𝑗 + 𝑏𝑖, 𝑖 = 1, … , 𝑛.



Composition of Affine Maps

Suppose 𝑓∶ 𝔸 → 𝔸′ and 𝑔∶ 𝔸′ → 𝔸″. Then
𝑔𝑓∶ 𝔸 → 𝔸″ is also an affine map and
𝑑(𝑔𝑓) = 𝑑𝑔 ⋅ 𝑑𝑓.
Proof:
(𝑔𝑓)(𝐴+𝑣) = 𝑔(𝑓(𝐴)+𝑑𝑓(𝑣)) = 𝑔(𝑓(𝐴))+
𝑑𝑔(𝑑𝑓(𝑣)) = (𝑔𝑓)(𝐴) + (𝑑𝑔 ⋅ 𝑑𝑓)(𝑣).



Bijective Affine Maps

𝑓∶ 𝔸 → 𝔸′ is bijective iff 𝑑𝑓∶ 𝑉 → 𝑉 ′ is
bijective.
Proof: Using the origins 𝑂 and 𝑂′ = 𝑓(𝑂),
we have 𝑓(𝑥) = 𝑑𝑓(𝑥). �

An isomorphism of affine spaces is
bijective affine map.

𝔸 ≃ 𝔸′ iff dim 𝔸 = dim 𝔸′.



Images of Affine Maps

Let 𝑓∶ 𝔸 → 𝔸′ be an affine map. Then the
image of 𝑃 = 𝐴0 + 𝑈 is
𝑓(𝑃 ) = 𝑓(𝐴0) + 𝑑𝑓(𝑈), and

𝑓 (∑
𝑘

𝜆𝑘𝐴𝑘) = ∑
𝑘

𝜆𝑘𝑓(𝐴𝑘).

Proof: Using the vectorization, 𝑎𝑘 = 𝑂𝐴𝑘,
and 𝑓(∑𝑘 𝜆𝑘𝐴𝑘) = 𝑑𝑓(∑𝑘 𝜆𝑘𝑎𝑘) + 𝑏 =
∑𝑘(𝜆𝑘𝑑𝑓(𝑎𝑘) + 𝑏) = ∑𝑘 𝜆𝑘𝑓(𝐴𝑘). �



Affine-Linear Functions

A particular case of affine maps are
affine-linear functions 𝑓∶ 𝔸 → 𝕜, s.t.

𝑓(𝐴 + 𝑣) = 𝑓(𝐴) + 𝛼(𝑣),

where 𝛼∶ 𝑉 → 𝕜 is a linear function on 𝑉.

Barycentric coordinates are affine-linear
functions!

𝑓 ≡ const ⇔ 𝑑𝑓 = 0.


